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Fig. 5c Load-de� ection curve of an [0/90/90/0]s laminate with simply
supported ends.

unidirectionalcomposite, the buckling load calculatedfrom the lin-
ear bifurcation analysis is different from that of postbucklinganal-
ysis, as shown in Fig. 5b.

For a composite with simply supported ends, the load-de�ection
curves are shown in Fig. 5c. To satisfy the boundary condition, the
initial imperfectionis takenas » D w0 sin.¼ x=L/, w0 D 0:001. Once
more, thepostbucklingresponseof this case is signi� cantlydifferent
from thatof the linearbifurcationanalysis.In this case, thepredicted
linear buckling load signi� cantly overestimates the global buckling
of the structure.

However, the linear buckling loads may underestimatethe global
buckling load in the different stacking sequences, as reported in
Ref. 5. From this observation, the linear bifurcation buckling loads
are quite different from the results of the postbucklinganalysis be-
cause they depend on the through-the-thickness position of delam-
inations, the stacking sequence, and the boundary conditions.

For the cross-ply cases, the results of the present global– local
method show a slight deviation from those of the full layerwise
model as the loads and de� ections increase. However, the load-
de� ection curves of the present method agree reasonably well with
those of the layerwise theory and the present model requires a
smaller number of degrees of freedom than the layerwise model,
as shown in Figs. 5b and 5c.

IV. Conclusions
In the present study, an ef� cient numerical model was developed

to study the postbucklingbehaviorsof delaminatedcomposites.The
analysis was based on the one-dimensionalbeam-plate model with
multiple delaminations.

A global– local approachfor postbucklingproblemswith multiple
delaminations was presented. A novel transition element between
the layerwise element region and the � rst-order shear deformation
zone was proposed by using a matching technique between � rst-
order and layerwise models. This transition element is easy to im-
plement and performs very well even in thick composites when
proper shear correction factors in the � rst-order model are chosen.

The present numerical model and solution procedure consider
the effect of initial imperfections and contact condition between
delaminatedsurfaces.Althoughaccuratepostbucklingresponsecan
be performed by using layerwise-type theories, they require a great
deal of computing time and memory. The proposed global– local
method reduces the global degrees of freedom but still accurately
models the delaminated zone. Thus it is suitable for the analysis of
nonlinear behaviors of multiple delaminated composites.

It is expected that the realistic buckling and postbucklingbehav-
iors of composite laminates with multiple delaminated imbedded
cracks can be ef� ciently analyzed by the present global– local ap-
proach. This is now in progress.
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Nomenclature
Di j = terms in bending stiffness matrix
Mx = longitudinal bending moment
Nx = longitudinalmembrane stress resultant
U = longitudinal displacement
V = circumferentialdisplacement
W = transverse displacement
® = semivertex angle of the conical shell
µ = angle of � ber tow to the slant longitudinal direction in

� lament winding

I. Introduction

T HE buckling behavior of isotropic and orthotropic coni-
cal shells under axially compressive loads and/or combined

loads has been studied experimentally and analytically by many
researchers.1¡7 However, for laminated composite conical shells
there has been very limited literature available on experimentaland
analyticalinvestigationofbucklingbehaviorofcompositelaminated
shells.8¡10 In this study, an experimental investigation is presented
to discuss the buckling behavior of nine carbon-�ber-reinforced
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plastics (CFRP) and nine glass-�ber-reinforced plastics (GFRP)
� lament-wound conical shells subjected to axially applied com-
pressive loads. The buckling loads and the related modes were � rst
determined and then compared with the predicted results using an
analytical solution procedure developed previously.

II. Specimen Preparation and Testing Procedure
There were nine CFRP and nine GFRP � lament-wound trun-

cated circular conical shell specimens, which were made using the
horizontal helical � lament winding machine and a stainless-steel
conical shell mandrel that can be easily assembledor disassembled.
The conical shell mandrel had a semivertexangle ® of 9 deg, and its
outer surface had a diameter of 265 mm at its small end, a diameter
of 328 mm at its large end, and a slant length of 200 mm. Note
that dimensions of the inner wall of the specimens are identical to
those of the outer surface of the mandrel, whereas the diameter of
the shell specimenson the neutralplane should be equal to the inner
diameter plus the wall thickness.

In the � lament-winding process, a single � ber tow runs repeti-
tively from one pole to the other to form one over-and-underwoven
fabric layer, which can be approximated as two single plies with
� bers equally distributed in the both directions, i.e., §µ . When the
� ber orientationis not0 or 90 deg, it variesas the � ber towruns along
the longitudinaldirection.Thus for simplicity,a nominal � berorien-
tation for a ply is de� ned as the � ber orientationat the midlength of
the conical shell mandrel. The nominal layups or � ber orientations
for both CFRP and GFRP specimensare given in Table 1. The aver-
age � ber volume fractions for specimensC-1-i , C-2-i , C-3-i , G-1-i ,
G-2-i , and G-3-i (i D 1, 2, 3) are 47.7, 45.8, 48.7, 50.6, 49.5, and
51.0%, respectively.The average mechanical properties of a single
ply of the same � ber volume fractions for both types of specimens
are listed in Table 2.

Inspection of the 18 shell specimens revealed that they have the
following structural characteristics: 1) The wall thickness of each
shell specimen is constant in the circumferential direction, and it
varies only in the longitudinal direction, i.e., is thicker at the small
end and thinner at the large end; and 2) the � ber orientation in
each fabric layer remains the same in the circumferentialdirection;
however, it decreases along the longitudinaldirection, i.e., the � ber
angle is larger at the small end and is smaller at the large end. In

Table 1 Nominal layups for all specimens

Group Specimen
number (i D 1; 2; 3) Layup

1 C-1-i ; G-1-I (§30/§45/§30 deg)
2 C-2-i ; G-2-I (90/§45/90 deg)
3 C-3-i ; G-3-I (90/§30/90 deg)

Table 2 Nominal mechanical properties of a ply

Material GFRP CFRP

Longitudinal modulus, GPa 42.6 97.5
Transverse modulus, GPa 11.7 8.3
Shear modulus, GPa 4.8 4.1
Poisson ratio 0.302 0.32

Table 3 Buckling load PCR (kN) of CFRP conical shells

Thickness Thickness Measured Predicted Predicted
at small end, at large end, buckling buckling buckling

Specimen mm mm load load, S3 load, C3

C-1-1 2.43 2.19 232.5 (5,1) 227.8 457.7
C-1-2 2.30 1.90 196.2 (6,1) 186.7 376.1
C-1-3 1.80 1.60 141.5 (7,1) 117.3 245.6
C-2-1 1.19 1.15 28.6 (8,2) 27.9 52.9
C-2-2 1.21 1.09 27.0 (8,2) 29.2 56.6
C-2-3 1.15 1.09 35.3 (9,2) 25.5 51.6
C-3-1 1.24 1.08 49.6 (7,2) 46.8 82.0
C-3-2 1.28 1.12 56.0 (9,2) 50.2 86.7
C-3-3 1.21 1.12 52.7 (10,2) 45.7 80.2

addition, two rings made of 90-deg � ber tows were attached to both
ends of each conical shell specimen to reinforce locally the shell
specimens and to prevent a premature local end brooming type of
failure prior to global buckling of the shells. The thickness for all
specimens was measured at both ends of the shells at every 30 deg
along the circumferential direction, and an average value was then
taken as the nominal thickness. Tables 3 and 4 list the thickness t
of the specimens at both small and large ends for CFRP and GFRP
specimens, respectively.

The test apparatusused comprisedtwo parts:One was the loading
systemthat was used to applyand controlthe axialcompressiveload
and to realize simply supportedboundaryconditionsat both ends of
the shells; and the other was the measuring system, which was used
to record the strains and displacements at different load levels as
well as the axial compressive load and the axial end shortening.The
loadingsystemconsistedof anMTS-880material testingsystemand
a pair of thick, � at loading disks, as described in detail in Tong.10

Four straingaugerosettesand fourdisplacementtransducerswere
placed every 90 deg along the circumference of the middle height
section of the shells. The four strain gauge rosettes were used to
monitoruniformityof theaxiallyappliedcompressiveload.A multi-
channeldata acquisitionsystem was used to record the straingauges
and the displacement transducers.In addition, the curves of the axi-
ally compressedload vs the axialend shorteningwere also recorded.

The test procedure included the following steps: 1) Install the
loading disks properly to ensure that they are perpendicular to the
loadingaxis and are parallel to each other; 2) mount specimen to en-
sure that proper V channels be formed to realize approximately the
simply supportedboundary conditions at both ends; and 3) connect
the displacement transducersand strain gauges to the multichannel
data logger, calibrate the system, and then start loading via dis-
placement control at a loading rate of about 0.5 mm/min. For each
specimen the following two stages were employed:

Stage 1. Determination of buckling load and mode: The curve
of the axial load vs the axial displacement for each specimen was
recorded using the X-Y recorder available in the MTS-880 testing
system. Readings of the strain gauges and the displacement trans-
ducers were obtained via the data logger at different load levels to
monitor the strain distribution and to detect buckling of the spec-
imen. The initial buckling load and mode of each specimen were
obtained in this stage. After initial buckling, the specimen was then
fully unloaded to its initial state.

Stage 2. Effect of damage caused by initial buckling: The ini-
tially buckled specimen was then loaded again to determine the
residual buckling load and mode of the damaged specimen. The
maximum value of the applied axial displacement was, however,
limited to the maximum displacement applied to a specimen when
it � rst buckled and then unloaded.This procedure was repeated for
some specimens to study the effect of the damage that incurred
when the specimen � rst buckledon the residualbuckling load of the
specimen.

III. Results and Discussion
For all specimensin all load cycles,the applied load increasedlin-

early with the axial end shorteningor crossheadmovementuntil the
specimen buckled in the typical diamond buckling shape. Figure 1
shows photographsof typical buckling modes for the specimens in
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Table 4 Buckling load PCR (kN) of GFRP conical shells

Thickness Thickness Measured Predicted Predicted
at small end, at large end, buckling buckling buckling

Specimen mm mm load load, S3 load, C3

G-1-1 1.91 1.65 145.0 (6,1) 84.8 174.0
G-1-2 1.91 1.61 138.1 (6,1) 77.4 159.3
G-1-3 1.81 1.50 103.2 (6,1) 69.0 139.7
G-2-1 1.16 1.01 21.3 (7,2) 20.1 35.3
G-2-2 1.12 1.04 23.5 (9,2) 20.2 35.8
G-2-3 1.18 1.10 29.6 (8,2) 25.3 41.2
G-3-1 1.28 1.08 43.5 (8,2) 39.2 62.1
G-3-2 1.43 1.17 49.5 (7,2) 45.1 85.2
G-3-3 1.09 1.05 33.7 (8,2) 31.4 56.7

a) Specimen group 1

b) Specimen groups 2 and 3

Fig. 1 Typical buckling modes.

specimen group 1 and specimen groups 2 and 3, respectively. In the
longitudinal direction there was only one half sine wave for spec-
imens in group 1, and there were two half sine waves for those in
specimen groups 2 and 3. This is because specimens in group 1 are
generally thicker than specimens in groups 2 and 3.

The typical readings of the strain gauges in the longitudinal
("0 deg) and circumferential ("90 deg) directions for all specimens
at various load levels during the � rst load cycle reveal that the lon-

Fig. 2 Buckling loads vs the number of loading cycles for specimens
C-1-3, G-2-2, G-1-2, and G-3-3 with maximum applied displacements
of 1.5, 1.5, 2, and 1.1 mm, respectively.

gitudinal strain "0 deg distributes in a relatively uniform pattern in
the circumferentialdirection, which indicates that the applied axial
load was uniform.

The buckling loads and modes of the � rst load cycle are given
in Tables 3 and 4 for all CFRP and GFRP specimens, respectively.
The numbers in the parentheses represent the half wave numbers
in the circumferentialand longitudinaldirections, respectively,e.g.,
for specimen C-1-1 there were � ve half waves in the circumfer-
ential direction and only one half wave in the longitudinal direc-
tion. Evidently, buckling loads of CFRP specimens are generally
larger than those of GFRP specimens when both have the same
ply-stackingsequence.This can readily be explainedby saying that
the CFRP is generally regarded to be stiffer and stronger than the
GFRP. The specimens with (§30/§45/§30 deg) layup buckle at
larger loads than specimens with (90/§30/90 deg) layup, which
have higher buckling loads than a specimen with (90/§45/90 deg)
layup. This is because the specimen possesses higher load-carrying
capacity when more � bers are placed in or close to the load path
direction. Results in the third column reveal that specimen group 1
(§30/§45/§30 deg) has the largest buckling-load-to-weight ratio
and thus has the highest stiffness-to-weightratio; specimen group 2
has the smallest buckling-load-to-weight ratio. Also note that speci-
mens in group 1 buckled into only one half wave in the longitudinal
direction, whereas specimens in groups 2 and 3 buckled into two
half waves. In addition, the circumferential half wave numbers for
specimens in group 1 are lower than those in groups 2 and 3.

In the subsequent loading cycles after the initial buckling, the
maximum applied cross-head movement was kept to the level at-
tained in the � rst loadingcycle. In doing so, the effect of the damage
incurredin the � rst bucklingprocedureon the residualbucklingload
was investigated.Figure 2 plots the buckling load vs the number of
cycles for specimens C-1-3, G-2-2, G-1-2, and G-3-3, with maxi-
mum applieddisplacementsof 1.5, 1.5, 2, and 1.1 mm, respectively.
The buckling loads for these bucklingcycles are considerablylower
than the initial buckling load because of the existence of the buck-
ling damage incurred in the initial buckling. However, by limiting
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the maximum applied axial displacement to the value applied in
the initial buckling, the residual buckling load tends to approach a
plateau.

IV. Comparison Between Analysis
and Experimental Results

To model the testing situation, we calculate the buckling load
using the following simply supported boundary conditions (S3) at
the small and large ends, respectively:

Nx D V D Mx D W D 0 (1a)

Nx D V D Mx D Usin ® ¡ W cos ® D 0 (1b)

For comparison we also calculate the buckling load using the fol-
lowing clamped boundary conditions (C3) at the small and large
ends, respectively:

Nx D V D @W

@x
D W D 0 (2a)

Nx D V D @W

@x
D U sin ® ¡ W cos ® D 0 (2b)

Buckling loads and the correspondingbuckling modes were calcu-
lated for both simply supported (S3) and clamped (C3) conditions
using the solutionproceduredevelopedby Tong and Wang8 and the
material properties in Table 2. In all calculations, an average thick-
ness is used for each specimen,10 and the coupling terms D16 and
D26 are neglected as they are relatively small compared to bending
terms D11 , D12, D22 , and D66.

Tables 3 and 4 tabulate the measured buckling loads and modes
as well as those predicted using the analytical solution procedure
and the two types of boundary conditions for all specimens. Evi-
dently, the buckling loads of all CFRP and most GFRP (except for
G-1-i , i D 1; 2; 3) specimens predicted using the simply supported
boundary condition S3 have a better agreement to those measured
compared with those predicted using the clamped boundary condi-
tion C3. The buckling loads predicted using the S3 conditions are
generallylower than those measured,whereas those predictedusing
the C3 conditionsare much higher than the measured ones. This re-
sult indicates that the real boundaryconditionshould be somewhere
between both S3 and C3 boundary conditions. The analysis using
the S3 boundary conditions predicted that all shells buckle at an
axisymmetrical mode that is quite different from the experimental
observation. Another important factor responsible for the existing
discrepancies could be the geometrical imperfections that were not

measured in this program because of limited facilities and were not
included in the analysis.

V. Conclusions
An experimentaland analyticalinvestigationis presentedto study

buckling behaviorof axially compressedconical shells. The present
results show that 1) specimens with a layup of (§30/§45/§30 deg)
buckle at higher buckling loads than those with (90/§30/90 deg),
which subsequentlyhavehigherbucklingloads than specimenswith
a layup of (90/§45/90 deg); 2) damage caused during initial buck-
ling of the shells can signi� cantly decrease the buckling load of the
subsequent buckling; and 3) analytical solutions using the nominal
ply angle and thickness of the shell at the midlength can be used
with the S3 boundary condition to predict the buckling loads, which
were found to correlate reasonably well with the measured ones.
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